Abstract -We generalize the concept of triply-degenerate nodal points to non-collinear antiferromagnets. Here, we introduce this concept to insulating quantum antiferromagnets on the decorated honeycomb lattice, with spin-1 bosonic quasiparticle excitations known as magnons. We demonstrate the existence of magnonic surface states with constant energy contours that form pairs of magnonic arcs connecting the surface projection of the magnonic triple nodal points. The quasiparticle excitations near the triple nodal points represent three-component bosons beyond that of magnonic Dirac, Weyl, and nodal-line cases. They can be regarded as a direct reflection of the intrinsic spin carried by magnons. Furthermore, we show that the magnonic triple nodal points can split into magnonic Weyl points, as the system transits from a non-collinear spin structure to a noncoplanar one with a nonzero scalar spin chirality. Our results not only apply to insulating antiferromagnets, but also provide a platform to seek for triple nodal points in metallic antiferromagnets.
Introduction.-In high-energy physics, relativistic symmetry imposes a constraint on the varieties of fermions allowed. The three known relativistic fermions in highenergy physics are Dirac, Weyl, and Majorana fermions. The recent excitement in condensed-matter physics is that the fermionic elementary particles can be realized as lowenergy topologically protected gapless electronic quasiparticle excitations in solid-state materials. They are termed topological semimetals, and possess unusual properties such as open Fermi arc surface states. In recent years, topological Dirac and Weyl semimetals have been theoretically proposed [1] [2] [3] [4] [5] and experimentally confirmed [6] [7] [8] [9] [10] .
In the topologically protected Dirac semimetals, crystal and time-reversal symmetry guarantee that a pair of doubly-degenerate electronic bands cross linearly at isolated points in momentum space; whereas Weyl semimetals are realized in systems with either broken inversion or time-reversal symmetry, with only two non-degenerate linear-band crossing at isolated points in momentum space. Around the band crossing points near the Fermi energy, the low-energy quasiparticle excitations behave as Dirac or Weyl fermions, and are described by Dirac or Weyl equation. The topological protection of the linear band crossings have distinctive Fermi arcs which connect projected bulk Dirac or Weyl points on the surface Brillouin zone (BZ). In addition, solid state materials can also allow two linear-band crossing along a one-dimensional line or ring as opposed to isolated points, and they are termed nodal-line semimetals [11, 12] .
As condensed-matter quasiparticle excitations are not constrained by relativistic symmetry, there is a possibility to realize other types of fermionic quasiparticle excitations with no high-energy physics analogs. Recently, both theory and experiment have realized symmetry-protected condensed-matter quasiparticle excitations with 3-, 6-, and 8-fold degenerate band crossings [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . Of particular interest is the 3-fold band degeneracy known as the triply-degenerate nodal points (TPs). They are formed by the crossing of one doubly-degenerate band and one single non-degenerate band along the high symmetry lines in momentum space. They are also described by threecomponent fermions, and therefore differ from the band crossings in Dirac, Weyl, and nodal-line semimetals.
Indeed, the topological aspects of band structures in condensed-matter systems are independent of the statistical nature of the quasiparticle excitations. Recently, researchers have come to the realization that topologically protected linear band crossings in condensed-matter systems are not limited to fermionic quasiparticle excitations, but can also occur in bosonic quasiparticle excitations. In this case the quasiparticle excitations obey the BoseEinstein stastistics, therefore linear band crossing must occur at finite energy with the lowest band being the most realistic due to the population effect of bosons at low tem- [25] and phononic [26] crystals. These concepts have also been generalized to insulating magnetic systems, which have spin-1 bosonic quasiparticle excitations called magnons. Thus far, gapless topologically protected magnonic Dirac [27] [28] [29] [30] , Weyl [31] [32] [33] [34] [35] [36] [37] [38] , and nodal-line [39, 40] semimetals have been theoretically proposed in insulating quantum magnets.
In this Letter, we generalize the concept of TPs to insulating non-collinear quantum antiferromagnets on the decorated honeycomb lattice, which is also known as the star lattice [41, 42] . We show the existence of magnonic TPs in the 120
• non-collinear spin structure, protected by magnetic crystal symmetry. The bosonic quasiparticle excitations near the magnonic TPs represent threecomponent bosons beyond the two-band crossing points in previously studied magnonic Dirac, Weyl, and nodalline cases. We also show the existence of magnonic arcs connecting the surface projection of the magnonic TPs. Interestingly, most of the currently known electronic TPs are non-magnetic [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] , hence our results not only apply to insulating antiferromagnets, but may also pave the way to search for TPs in metallic antiferromagnets with (non)collinear spin structures.
Spin model.-We consider the microscopic spin Hamiltonian of non-collinear antiferromagnets on the frustrated decorated honeycomb lattice
where i and j denote the sites on the layers, and label the layers. The first two terms are topologically inequivalent antiferromagnetic nearest-neighbour (NN) bonds J D (dimer bonds) and J T (triangular bonds) on the decorated honeycomb lattice (see Fig. 1 ). The third term is an outof-plane antisymmetric Dzyaloshinskii-Moriya interaction (DMI) [43, 44] 
The DMI is a consequence of spin-orbit coupling (SOC), and it is present in magnetic systems that lack inversion symmetry between two magnetic spin sites on each layer. Without loss of generality, we consider 120
• non-collinear spin structure with positive vector chirality, which is stabilized by D z > 0. The last term is the interlayer coupling, which can be ferromagnetic (J ⊥ < 0) or antiferromagnetic (J ⊥ > 0). In this paper, we consider antiferromagnetic interlayer coupling. The ferromagnetic one can be trivially obtained.
In principle, all the interactions in Eq. (1) are intrinsic to realistic magnetic materials with a decorated honeycomb lattice structure [42] . Due to the geometry of the decorated honeycomb lattice, the limit J D > J T is isomorphic to a honeycomb lattice where the dimer bonds dominate, whereas the opposite limit J T > J D is isomorphic to a kagome lattice where the triangular bonds dominate. Therefore, the decorated honeycomb lattice can be visualized as an interpolating lattice between the honeycomb and kagome lattices. Moreover, it can also be considered as the parent system from which magnonic topological semimetals can be realized in the honeycomb and kagome antiferromagnets. Nevertheless, the decorated honeycomb lattice has a larger unit cell (with six sites) than both the honeycomb and kagome lattices. Therefore it possesses a richer band structure. Also note that magnonic TPs cannot occur in the conventional honeycomb lattice as there are only two magnon bands.
Magnonic triply-degenerate nodal points.
-We first present a synopsis of the symmetry analysis of the system. We consider 120
• non-collinear spin structure on the decorated honeycomb lattice stacked congruently along the (001) or z direction. In other words, there is a non-negligible interlayer coupling which is always present in realistic magnetic materials [42] , and leads to quasi-twodimensional (quasi-2D) or three-dimensional (3D) spin structures. Due to intrinsic DMI, the inversion symmetry of the lattice is broken. Nevertheless, the system possesses C 3 , C 6 , M y , and M z symmetries. Here, C 3 is three-fold rotation symmetry along the z direction, C 6 is π/3 rotation with respect to the center of a dodecagon, M y denotes the mirror reflection symmetry about the x-axis that sends y → −y, and M z denotes the mirror reflection symmetry about the x-y plane that sends z → −z. All symmetries preserve the lattice and the magnetic order expect for M y which reverses the magnetic order. Therefore, under timereversal symmetry (T ) the combined operation T M y is also a symmetry of the system. Now, we note that the decorated honeycomb lattice has six sites in the unit cell (see Fig. 1(a) ), therefore we expect six magnon bands (see Supplemental Material) along each high symmetry line of the Brillouin zone (BZ) (see Fig. 1(b) ). As shown in Figs. 2(a) and (b), there are different magnon band crossing points along the high symmetry lines in momentum space. The type of magnon band crossing points is related to the symmetry protection of the system. For instance, there are several magnonic nodallines (NLs) and Dirac points (DPs) (i.e. linear crossing of two non-degenerate bands) on the k z = 0 mirror plane (M-Γ-K lines), as well as k z = π plane (not shown) and H-Γ line. The non-degenerate linear band crossing points are protected by T M y symmetry and can be described by a two-component Hamiltonian in the vicinity of the linear band crossing.
Quite distinctively, there are different magnon band crossing points along K-H and Γ-A high-symmetry lines. The new linear band crossing points are different from those along M-Γ-K and H-Γ lines in that they involve three magnon bands that cross each other simultaneously at a common nodal point. This leads to a magnonic TP degeneracy. Note that they are formed by the crossing of one doubly-degenerate band and one single nondegenerate band along K-H and Γ-A high-symmetry lines. Next, we consider the perpendicular planes intersecting the magnonic TPs (i.e. the k x -k y planes for p-2 constant k z values). For the planes above the magnonic TPs, two of the three non-degenerate magnon bands touch at isolated points as shown in Fig. 2(c) . Whereas for the planes exactly at the magnonic TPs, the three nondegenerate magnon bands touch simultaneously and linearly at the same point as shown in Fig. 2(d) (see also Supplemental Material). The flat magnon band in Figs. 2(c) and (d) corresponds to a lifted zero-energy mode due to the DMI [45] . It can acquire a small dispersion by the inclusion of a next-nearest neighbour antiferromagnetic interaction (not shown), but this interaction does not remove the magnonic TPs as it breaks no symmetry. The magnonic TPs are protected by C 3 and M z symmetry. It should be noted that the existence of protected magnonic TPs strictly requires the presence of quasi-2D or 3D spin structures, i.e. nonvanishing interlayer coupling. The effective Hamiltonian near the magnonic TPs has the form [14, 46] .
where q = k − k TP is the momentum deviation from the crossing point at k TP , E TP is the energy of the TPs, v i are the group velocities, and λ i are the 3 × 3 spin-1 matrix representations, whose explicit forms are model dependent. The magnonic TPs are a direct reflection of the intrinsic spin carried by magnons. A linear Hamiltonian of this form carries a Chern number of C = −2, 0, 2, which is only well-defined when a gap opens [47] [48] [49] . Magnonic Weyl points.-Magnonic Weyl points (WPs) can be generated from TPs by breaking of symme- try. There are two ways to macroscopically break symmetry in this model. The first one is to allow an inplane DMI, which breaks U(1) rotation invariance and induces spin canting out-of-plane (noncoplanar spin structure) with a nonzero scalar spin chirality given by χ ijk;l = S i, · (S j, × S k, ). The scalar chirality macroscopically breaks T symmetry as well as the combined symmetry T M y . Note that the noncoplanar spin structure also breaks M z symmetry, but C 3 symmetry is preserved. The second one is to apply an external magnetic field along the (001) direction. This also leads to similar spin canting or noncoplanar spin arrangements as the in-plane DMI, and therefore breaks the same symmetries. Here, we consider noncoplanar spin structures induced by an external magnetic field along the (001) direction (see Supplemental Material). In this scenario, the magnonic NLs and DPs along M-Γ-K and H-Γ lines will be completely gapped out due to broken T M y symmetry in the noncoplanar regime.
In contrast, the preserving of C 3 symmetry in the noncoplanar regime means that the magnonic TPs cannot be fully gapped out. Rather, they will split into magnonic WPs along K-H and Γ-A lines, where two non-degenerate magnon bands cross linearly at isolated points. As shown in Fig. 3(a) and (b) , the magnon bands are gapped out everywhere except along K-H and Γ-A lines, where two non-degenerate bands cross linearly at the WPs. The lowest magnon band has a total of six magnonic WPs (four along (±)K-H and two Γ-(±)A) in the entire BZ with opposite chirality. In fact, this is one of the most interesting property of this model -that the magnonic WPs occur at the lowest excitation. The effective Hamiltonian near the WPs has the same 2-component form
where q = k − k WP is the momentum deviation from the crossing point at k WP , E WP is the energy of the WPs, v i are the group velocities and σ i are the 2×2 Pauli matrices. But in this case the magnon bands carry a Chern number of C = ±sgn(sin φ) = ±1, where φ is the angle subtended by three noncoplanar spins in a unit triangle (see Supplemental Material), and sin φ is proportional to χ ijk; . Although bosonic TPs and WPs must occur at finite energy, the bosonic WPs in the lowest excitation have been proven to be the most realistic as reported experimentally in photonic [25] and phononic [26] crystals. Therefore the current magnonic TPs and WPs are within experimental reach in realistic magnetic materials [42] . Magnonic surface state arcs.-Besides the bulk magnonic TPs and WPs, another observable quantities are the magnonic surface states and arcs. They can be found by projecting the bulk magnonic TPs and WPs onto the surface BZs. Let us first consider the projection of the magnonic TPs onto the surface BZ. We consider the (010) and (001) surfaces. In the former surface, the bulk magnonic TPs along Γ-A line project onto theΓ-Ā line, and those along K-H line project onto theX-R line. In Fig. 4(a) we have shown the projected (010)-surface dispersion along the surface BZ, and Fig. 4(b) shows the surface dispersion along k x direction with constant k z at TP 1 . We see that the magnonic TPs are connected by a surface state. In Fig. 4(c) we show the corresponding surface constant energy contours at the energy TP 1 . We clearly see that the two bulk magnonic TPs at TP 1 projected ontoX-R line are connected by a pair of magnonic arcs on the (010) surface BZ. In the latter (001)-surface, however, the bulk magnonic TPs along Γ-A line project onto theΓ point, and those along K-H line project onto theK points. Therefore, on the (001) surface there are no arcs connecting the two projected TPs (not shown).
Upon breaking of symmetry, the magnonic TPs split into magnonic WPs with only two non-degenerate band crossing points. In Fig. 5(a) we have shown the projected (010)-surface dispersion along the surface BZ, and Fig. 5(b) shows the surface dispersion along k x direction with constant k z at WP 1 , which shows that two magnonic WP 1 are connected by a surface state. In Fig. 5(c) we show the corresponding (001)-surface constant energy contours for energy set at WP 1 . Because the two bulk WPs with opposite chirality are projected onto the same point on the (001) surface, it is clear that there is no magnonic arc from the projected WPs. However, magnonic arcs exist inside the (001)-surface BZ which connect two bulk WPs with opposite chirality projected onto the (010)-surface BZ. It is important to note that there are no magnonic Fig. 2(a) .
surface states or arcs in the strictly 2D system [50] , therefore the current results are obviously different and require quasi-2D or 3D non-collinear spin structures.
Conclusion.-In summary, we have introduced the notion of magnetic triply-degenerate nodal points (TPs) in insulating quantum antiferromagnets with non-collinear spin structures. The TPs are formed by the crossing of one doubly-degenerate band and one single non-degenerate band along the high symmetry lines in momentum space, and are protected by magnetic crystal symmetry. The realization of TPs in insulating quantum antiferromagnets represent quasiparticle excitations with three-component bosons beyond the band crossing points in magnonic Dirac, Weyl, and nodal-line cases. We also showed the existence of magnonic arc surface states connecting surface projection of TPs, and the transition of the TPs to Weyl points upon breaking of symmetries. We note that in metallic antiferromagnets, doubly-degenerate bands can be restored by the combined magnetic crystal and timereversal symmetry although time-reversal symmetry itself is broken by the magnetic order. This suggests that TPs formed by the crossing of one doubly-degenerate band and one single non-degenerate band is possible in metallic antiferromagnets. Therefore, we believe that the current study should inspire the search for TPs in metallic quantum antiferromagnets with (non)collinear spin structures. * * * Research at Perimeter Institute is supported by the Government of Canada through Industry Canada and by the Province of Ontario through the Ministry of Research and Innovation. 
where t 0 (k z ) = H cos η + 2(t
⊥ cos k z c and k i = k ·e i , with k = (k x , k y ) and k = (k , k z ). The lattice basis vectors are chosen as e 1 = 2ax and e 2 = a(x + √ 3ŷ). The magnon band structure below, at, and above TP 2 are shown in Fig. 1 .
